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In this paper we answer several questions of Dikran Dikranjan about algebraically
determined topologies on the groups S(X) (and Sω(X)) of (ﬁnitely supported) bijections of
a set X . In particular, conﬁrming conjecture of Dikranjan, we prove that the topology Tp of
pointwise convergence on each subgroup G ⊃ Sω(X) of S(X) is the coarsest Hausdorff
group topology on G (more generally, the coarsest T1-topology which turns G into
a [semi]-topological group), and Tp coincides with the Zariski and Markov topologies ZG
and MG on G . Answering another question of Dikranjan, we prove that the centralizer
topology TG on the symmetric group G = S(X) is discrete if and only if |X|  c. On
the other hand, we prove that for a subgroup G ⊃ Sω(X) of S(X) the centralizer topology
TG coincides with the topologies Tp =MG = ZG if and only if G = Sω(X). We also prove
that the group Sω(X) is σ -discrete in each Hausdorff shift-invariant topology.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we answer several problems of Dikran Dikranjan concerning algebraically determined topologies on
the group S(X) of permutations of a set X and its normal subgroup Sω(X) consisting of all permutations f : X → X
with ﬁnite support supt( f ) = {x ∈ X: f (x) = x}.
The symmetric group S(X) carries a natural group topology, namely the topology of pointwise convergence Tp , inherited
from the Tychonoff power X X of the set X endowed with the discrete topology (a topology T on a group G is called a group
topology if (G,T ) is a topological group). Answering a question of Ulam [28, p. 178] (cf. [35]), Gaughan [17] proved that
for each set X the topology Tp is the coarsest Hausdorff group topology on the symmetric group G = S(X) (cf. [10, 1.7.9]
and [8, 5.2.2]). On the other hand, Dierolf and Schwanengel [7] proved that for each set X and each subgroup G ⊃ Sω(X) of
S(X) the topology Tp is a minimal Hausdorff group topology on G . In [25] Dikranjan asked if the results of Gaughan and
Dierolf, Schwanengel can be uniﬁed. More precisely, he made the following conjecture:
Conjecture 1.1 (Dikranjan). Let X be an inﬁnite set, and G a subgroup of S(X) such that Sω(X) ⊂ G. Then the topology of pointwise
convergence is the coarsest Hausdorff group topology on G.
In this paper we shall conﬁrm this conjecture of Dikranjan. We shall do that by showing that the topology Tp coincides
with certain algebraically determined topologies on G .
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In this section we shall consider three algebraically determined topologies on a group G:
• the Zariski topology ZG generated by the sub-base consisting of the sets {x ∈ G: xε1 g1xε2 g2 · · · xεn gn = 1G }, where n ∈N,
g1, . . . , gn ∈ G , and ε1, . . . , εn ∈ {−1,1};
• a restricted Zariski topology Z′′G , generated by the sub-base consisting of the sets {x ∈ G: xbx−1 = aba−1} where a,b ∈ G
and b2 = 1G ;
• a restricted Zariski topology Z′G , generated by the sub-base consisting of the sets {x ∈ G: xbx−1 = aba−1} and
{x ∈ G: (xcx−1)b(xcx−1)−1 = b} where a,b, c ∈ G and b2 = c2 = 1G .
Here by 1G we denote the identity element of the group G .
It is clear that Z′′G ⊂ Z′G ⊂ ZG and these three topologies on G are shift-invariant in the sense that for any points a,b ∈ G
the two-sided shift sa,b : G → G , sa,b : x 	→ axb, is continuous. It is also clear that the Zariski topology ZG is weaker than an
arbitrary Hausdorff group topology on G . In particular, ZG ⊂ Tp .
The Zariski topology ZG is well known in the theory of (topological) groups (see [5,8,13,11,12,14,33,3,4]) and its origin
goes back to Markov [27]. On the other hand, the restricted Zariski topologies Z′′G and Z′G are less studied and seem to be
not used before. Observe that for each Abelian group G the topologies Z′′G and Z′G are anti-discrete.
Theorem 2.1. For each set X of cardinality |X | 3 and each subgroup G ⊂ S(X) with Sω(X) ⊂ G we get
Z′′G ⊂ Z′G = ZG = Tp.
If the set X is inﬁnite, then Z′′G = Z′G .
The rest of this section is devoted to the proof of Theorem 2.1. We assume that X is a set of cardinality |X | 3 and G is
a subgroup of the symmetric group S(X) such that Sω(X) ⊂ G . Elements of the set X will be denoted by letters x, y,a,b, c,
while elements of the symmetric group S(X) by g, f ,h, t, s,u, v,w . For two points x, y ∈ X by tx,y ∈ Sω(X) we shall denote
the transposition which exchanges x and y but does not move other points of X . It is clear that tx,y is a unique permutation
t ∈ S(X) with supt(t) = {x, y}.
Lemma 2.2. For any permutation f ∈ S(X) and any points x, y ∈ X with x = f (x) and y /∈ {x, f (x)}, the transposition tx,y does not
commute with f , that is tx,y ◦ f = f ◦ tx,y .
Proof. This follows from tx,y ◦ f (x) = f (x) = f (y) = f ◦ tx,y(x). 
Given a subset A ⊂ X , consider the subgroups
G(A) = {g ∈ G: supt(g) ⊂ A} and GA =
{
g ∈ G: supt(g) ∩ A = ∅}= {g ∈ G: g|A = id|A}
of G . Observe that GA = G(X\A), G(A)∩ GA = {1G} and any two permutations f ∈ G(A) and g ∈ GA commute because they
have disjoint supports: supt( f ) ∩ supt(g) ⊂ A ∩ (X \ A) = ∅.
The deﬁnitions of the topologies ZG and Tp guarantee that those are T1-topologies. The same is true for the topologies
Z′′G and Z′G .
Lemma 2.3. The topologies Z′′G ⊂ Z′G satisfy the separation axiom T1 .
Proof. Given two distinct permutations f , g ∈ G , consider the permutation h = f −1 ◦ g = 1G and ﬁnd a point x ∈ X such
that h(x) = x. Since |X | 3, we can choose a point y ∈ X \ {x,h(x)} and consider the transposition t = tx,y . Then t2 = 1G and
t ◦ h = h ◦ t by Lemma 2.2. Now we see that U = {u ∈ G: utu−1 = t} is a Z′′G -open set which contains h but not 1G . Then its
shift f ◦ U = {v ∈ G: vtv−1 = f t f −1} ∈ Z′′G contains g = f ◦ h but not f = f ◦ 1G . 
If the set X is ﬁnite, then the group G ⊂ S(X) is ﬁnite too. In this case the T1-topologies Z′′G ⊂ Z′G ⊂ ZG ⊂ Tp are discrete
and hence coincide. So, we assume that the set X is inﬁnite.
Lemma 2.4. For each 3-element subset A ⊂ X the subgroup GA is Z′′G-closed and so also Z′G-closed in G.
Proof. Take any permutation f ∈ G \ GA and ﬁnd a point a ∈ A with f (a) = a. Since |A| = 3, we can choose a point
b ∈ A \ {a, f (a)} and consider the transposition ta,b . By Lemma 2.2, ta,b ◦ f = f ◦ ta,b . Since supt(ta,b) = {a,b} ⊂ A, the
transposition ta,b commutes with all permutations g ∈ GA , which implies that
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{
g ∈ G: gta,b g−1 = ta,b
}
is a Z′′G -open neighborhood of f that does not intersect the subgroup GA and witnesses that this subgroup is Z′′G -closed. 
Lemma 2.5. For each 3-element subset A ⊂ X the subgroup GA is Z′G-open.
Proof. Assume that for some 3-element subset A′ ⊂ X the subgroup GA′ is not Z′G -open. Since the topology Z′G is shift-
invariant, the subgroup GA′ has empty interior, and being closed by Lemma 2.4, is nowhere dense in (G,Z′G).
Claim 2.6. For each 3-element subset A ⊂ X the subgroup GA is closed and nowhere dense in (G,Z′G).
Proof. Choose any permutation f ∈ Sω(X) ⊂ G with f (A) = A′ and observe that GA = f −1 ◦ GA′ ◦ f is closed and nowhere
dense in (G,Z′G) being a (two-sided) shift of the closed nowhere dense subgroup GA′ . 
Claim 2.7. For each 3-element subset A ⊂ X and each ﬁnite subset B ⊂ X the subset G(A, B) = { f ∈ G: f (A) ⊂ B} is nowhere dense
in (G,Z′G).
Proof. Since the set of functions from A to B is ﬁnite, there is a ﬁnite subset F ⊂ G(A, B) such that for each permutation
g ∈ G(A, B) there is a permutation f ∈ F with g|A = f |A. Then f −1 ◦ g|A ∈ GA , which implies that the set
G(A, B) =
⋃
f ∈F
f ◦ GA
is closed and nowhere dense in (G,Z′G), being a ﬁnite union of shifts of the closed nowhere dense subgroup GA . 
Now we can ﬁnish the proof of Lemma 2.5. Since X is inﬁnite, we can ﬁnd two disjoint 3-element subsets A, B ⊂ X .
Claim 2.7 guarantees that the set G(A, A∪ B)∪G(B, A∪ B) is nowhere dense in (G,Z′G). For any points a ∈ A, b ∈ B consider
the transposition ta,b ∈ Sω(X) ⊂ G and put T = {ta,b: a ∈ A, b ∈ B}. For any transpositions t, s ∈ T with t ◦ s = s ◦ t , the set
Ut,s =
{
u ∈ G: (usu−1)t(usu−1)−1 = t}
is a Z′G -open neighborhood of 1G by the deﬁnition of the topology Z′G . Since T is ﬁnite, the intersection
U =
⋂
{Ut,s: t, s ∈ T , ts = st}
is a Z′G -open neighborhood of 1G . Choose a permutation u ∈ U , which does not belong to the nowhere dense subset
G(A, A ∪ B) ∪ G(B, A ∪ B). Then u(a),u(b) /∈ A ∪ B for some points a ∈ A and b ∈ B . Choose any point c ∈ B \ {b} and
consider two non-commuting transpositions t = ta,c and s = ta,b .
It follows from u ∈ U ⊂ Ut,s that the transposition v = usu−1 does not commute with the transposition t . On the other
hand, the support supt(v) = supt(usu−1) = u(supt(s)) = u({a,b}) = {u(a),u(b)} does not intersect the set A ∪ B ⊃ {a, c} =
supt(t), which implies that tv = vt . This contradiction completes the proof of Lemma 2.5. 
Now we can prove the ﬁrst part of Theorem 2.1.
Lemma 2.8. Z′′G ⊂ Z′G = ZG = Tp .
Proof. Since Z′′G ⊂ Z′G ⊂ ZG ⊂ Tp , the equality Z′G = ZG = Tp will follow as soon as we check that Tp ⊂ Z′G . Since the
topology Tp of pointwise convergence is generated by the sub-base consisting of the sets G(x, y) = {g ∈ G: g(x) = y},
x, y ∈ X , it suﬃces to show that any such set G(x, y) is Z′G -open. Choose any permutation f ∈ Sω(X) ⊂ G with f (y) = x
and observe that the shift f ◦G(x, y) = G(x, x) = G{x} is a subgroup of G , which contains the subgroup GA for any 3-element
subset A ⊂ X with x ∈ A. By Lemma 2.5, the subgroup GA is Z′G -open, and so are the subgroup G(x, x) ⊃ GA and its shift
G(x, y) = f −1 ◦ G(x, x). 
Finally, we prove the second part of Theorem 2.1.
Lemma 2.9. If the set X is inﬁnite, then Z′′G = Tp .
Proof. Assume for a contradiction, that Z′′G = Tp . Then for any point a ∈ X , the Tp-open neighborhood G(a,a) ={g ∈ G: g(a) = a} of 1G is Z′′ -open. Consequently,G
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n⋂
i=1
{
v ∈ G: v fi v−1 = gi f i g−1i
}⊂ G(a,a)
for some permutations f1, g1, . . . , fn, gn ∈ G such that f 2i = 1G = f i for all i  n. We can assume that the permutations
f1, . . . , fn are ordered so that there is a number k ∈ ω such that a permutation f i , 1 i  n, has ﬁnite support supt( f i) if
and only if i > k. Consider the ﬁnite set
F = {a} ∪
n⋃
i=k+1
(
supt( f i) ∪ gi
(
supt( f i)
))
and choose any injective function u0 : F → X \ F . For every i ∈ {1, . . . ,k} by induction choose two points xi ∈ supt( f i) and
yi ∈ X such that for the ﬁnite sets
X<i = {x j: 1 j < i} ∪
{
f j(x j): 1 j < i
}
and Y<i =
{
g j(x j): 1 j < i
}∪ {y j: 1 j < i}
the following conditions hold
(1) xi /∈ F ∪ X<i ∪ f −1i (F ∪ X<i) ∪ g−1i (u0(F ) ∪ Y<i);
(2) yi /∈ {gi(xi), gi( f i(xi))} ∪ u0(F ) ∪ Y<i .
The choice of the points xi, yi , 1 i  k, allows us to ﬁnd a permutation u ∈ Sω(X) such that
u|F = u0, u(xi) = gi(xi) and u
(
f i(xi)
)= yi
for every i ∈ {1, . . . ,k}.
We claim that u ◦ f i ◦ u−1 = gi ◦ f i ◦ gi for every i ∈ {1, . . . ,n}. If i > k, then the permutation u fiu−1 = 1G has non-
empty support supt(u ◦ f i ◦ u−1) = u(supt( f i)) ⊂ u0(F ) disjoint with F ⊃ gi(supt( f i)) = supt(gi f i g−1i ), which implies that
u fiu−1 = gi f i g−1i . If i  k, then for the point gi(xi) = u(xi) we get
u ◦ f i ◦ u−1
(
gi(xi)
)= u ◦ f i(xi) = yi = gi ◦ f i(xi) = gi ◦ f i ◦ g−1i
(
gi(xi)
)
.
Now we see that
u ∈
n⋂
i=1
{
v ∈ G: v fi v−1 = gi f i g−1i
}⊂ G(a,a)
which is not possible as u(a) = u0(a) ⊂ u0(F ) ⊂ X \ F ⊂ X \ {a}. 
3. The coincidence of Markov and Zariski topologies on permutation groups
In this section we study the interplay between Zariski and Markov topologies on permutation groups and their subgroups.
By deﬁnition, the Markov topology MG on a group G is the intersection of all Hausdorff group topologies on G . The Markov
topology MG was explicitly introduced in [11,12] and studied in [13,14].
It is clear that ZG ⊂MG for any group G . By a classical result of Markov [27], for each countable group G , the topologies
ZG and MG coincide. The equality ZG = MG also holds for each Abelian group G; see [13,12]. Dikranjan and Shakhmatov
in Question 38(933) of [11] asked if the topologies ZG and MG coincide on each symmetric group G = S(X). The following
corollary of Theorem 2.1 answers this problem aﬃrmatively.
Corollary 3.1. For any set X and any subgroup G ⊃ Sω(X) of the symmetric group S(X) we get ZG =MG .
Proof. If X is ﬁnite, then the topologies ZG and MG coincide, being T1-topologies on the ﬁnite group G . If X is inﬁ-
nite, then the trivial inclusion ZG ⊂ MG ⊂ Tp and the non-trivial equality ZG = Tp established in Theorem 2.1 imply that
ZG =MG . 
Corollary 3.1 implies the following corollary that solves Question 40(i) of [11] and Question 8.4(i) of [14].
Corollary 3.2. For each uncountable set X the symmetric group G = S(X) has ZG = MG but contains a subgroup H ⊂ G with
ZH =MH .
Proof. By Corollary 3.1, the group G = S(X) has ZG =MG . Since X is uncountable, the symmetric group G = S(X) contains
an isomorphic copy of each group of cardinality  ω1, according to the classical Cayley’s Theorem [31, 1.6.8]. In particular,
G contains an isomorphic copy of the group H of cardinality |H| = ω1 with ZH =MH , constructed by Hesse [20] (see also
[14, Theorem 3.1]). 
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In this section we shall conﬁrm Dikranjan’s Conjecture 1.1 and shall prove that for each subgroup G ⊃ Sω(X) of the
symmetric group S(X) the topology of pointwise convergence is the coarsest Hausdorff group topology on G . In fact, we
shall do that in a more general context of [semi]-topological groups.
We shall say that a group G endowed with a topology is
• a topological group if the function q : G × G → G , q : (x, y) 	→ xy−1, is continuous;
• a paratopological group if the function s : G × G → G , s : (x, y) 	→ xy, is continuous;
• a quasi-topological group if the function q : G × G → G , q : (x, y) 	→ xy−1, is separately continuous;
• a semi-topological group if the function s : G × G → G , s : (x, y) 	→ xy, is separately continuous;
• a [quasi]-topological group if the functions q : G ×G → G , q : (x, y) 	→ xy−1, and [··] : G ×G → G , [··] : (x, y) 	→ xyx−1 y−1,
are separately continuous;
• a [semi]-topological group if the functions s : G × G → G , s : (x, y) 	→ xy, and [··] : G × G → G , [··] : (x, y) 	→ xyx−1 y−1,
are separately continuous.
These notions relate as follows:
topological group [quasi]-topological group quasi-topological group
paratopological group [semi]-topological group semi-topological group
Observe that a semi-topological (resp. quasi-topological) group G is [semi]-topological (resp. [quasi]-topological) if and only
if for every a ∈ G the function
γa : G → G, γa : x 	→ xax−1
is continuous. In the sequel such a function γa will be called a conjugator. In [22] a quasi-topological (resp. a [quasi]-
topological) group (G, τ ) whose topology τ satisﬁes the separation axiom T1 is called a T1-group (resp. a C-group).
It is easy to see that (G,Z′′G) and (G,Z′G) are quasi-topological groups, while (G,ZG) and (G,MG) are [quasi]-topological
groups.
Proposition 4.1. Let T be a topology on a group G.
(1) If T is a T1-topology and (G,T ) is a [semi]-topological group, then Z′G ⊂ T .
(2) If T is a T2-topology and (G,T ) is a semi-topological group, then Z′′G ⊂ T .
Proof. (1) Assume that T is a T1-topology and (G,T ) is a [semi]-topological group. Fix any elements a,b, c ∈ G with b2 =
c2 = 1G and observe that the conjugator γb : G → G , γb : x 	→ xbx−1, is T -continuous, being the composition γb = sb ◦ [·,b]
of two T -continuous functions [·,b] : x 	→ xbx−1b−1 and sb : y 	→ yb. Consequently, the set
γ −1b
(
G \ {aba−1})= {x ∈ G: xbx−1 = aba−1} ∈ Z′′G ⊂ Z′G
is T -open. In particular, the set U = {x ∈ G: xbx−1 = b} is T -open.
Next, consider the T -continuous function γc : G → G , γc : x 	→ xcx−1, and observe that the set
γ −1c (U ) = γ −1c
({
y ∈ G: yby−1 = b})= {x ∈ G: (xcx−1)b(xcx−1)−1 = b} ∈ Z′G
is T -open too. Now we see that Z′G ⊂ T because all sub-basic sets of the topology Z′G belong to T .
(2) Assume that T is a T2-topology and (G,T ) is a semi-topological group. We should prove that for any elements
a,b ∈ G with b2 = 1G the sub-basic set U = {x ∈ G: xbx−1 = aba−1} ∈ Z′′G is T -open. Fix any point x ∈ U and observe that
xb = cx where c = aba−1. Since the topology T is Hausdorff, the distinct points xb and cx of the group G have disjoint
T -open neighborhoods Oxb and Ocx . The separate continuity of the group operation yields a neighborhood Ox ∈ T of the
point x such that Ox · b ⊂ Oxb and c · Ox ⊂ Ocx . Then Ox ⊂ U , witnessing that the set U is T -open. 
The following theorem conﬁrms Dikranjan’s Conjecture 1.1 and generalizes results of Gaughan [17] and Dierolf, Schwa-
nengel [7].
Theorem 4.2. For each set X and each subgroup G ⊃ Sω(X) of the symmetric group S(X), the topology Tp of pointwise convergence
on G is the coarsest T1-topology turning G into a [semi]-topological group.
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Theorem 2.1, Tp = Z′G ⊂ T . 
Remark 4.3. Observe that for an inﬁnite set X and any subgroup G ⊃ Sω(X) of S(X) the restricted Zariski topology Z′′G
is a T1-topology turning G into a quasi-topological group, nonetheless, Tp ⊂ Z′′G by Theorem 2.1. This example shows that
Theorem 4.2 cannot be generalized to the class of semi-topological or quasi-topological groups.
5. Centralizer topology on permutation groups
In this section we study the properties of the centralizer topology TG on permutation groups G . This topology was
introduced by Taimanov in [34] (cf. [9,14]) with the aim of topologizing non-commutative groups.
For a group G its centralizer topology TG is generated by the sub-base consisting of the sets
{
x ∈ G: xbx−1 = aba−1},
where a,b ∈ G . The centralizer topology TG has a neighborhood base at 1G consisting of the centralizers
cG(A) =
⋂
a∈A
{x ∈ G: xa = ax}
of ﬁnite subsets A ⊂ G . These centralizers cG(A) are open-and-closed subgroups of G , which implies that Z′′G ⊂ TG for
each group G . By [9, §4], a group G endowed with its centralizer topology is a topological group. This topological group
is Hausdorff if and only if the group G has trivial center cG(G) = {1G}; see [9, 4.1]. In this case, Z′′G ⊂ Z′G ⊂ ZG ⊂
MG ⊂ TG . Theorem 2.1 and Lemma 2.3 imply that Z′′G ⊂ Z′G = ZG = MG = Tp ⊂ TG for any permutation group G ⊂ S(X)
with Sω(X) ⊂ G on a set X of cardinality |X | 3. Unlike the algebraically determined topologies Z′G = ZG = MG , the cen-
tralizer topology TG depends essentially on the position of the group G in the interval between the groups Sω(X) and S(X).
In the extremal case G = S(X) the centralizer topology TG is close to being discrete, as shown by the following theorem,
which generalizes Theorem 4.18 of [9] and answers aﬃrmatively Question 4.19 of [9] and Question 8.17 of [14]. In this
theorem by c we denote the cardinality of the continuum.
Theorem 5.1. For a set X of cardinality |X | 3, the centralizer topology TG on the symmetric group G = S(X) is discrete if and only
if |X | c.
Proof. Since |X |  3, the group G = S(X) has trivial center, which implies that (G,TG) is a Hausdorff topological group;
see [9, §4]. If X is ﬁnite, then the Hausdorff topological group (G,TG) is ﬁnite and hence the centralizer topology TG is
discrete.
So, we assume that the set X is inﬁnite. If |X | > c, then the centralizer topology TG on the group G = S(X) is not discrete
by Theorem 4.18(2) of [9]. If |X | = ω, then the centralizer topology TG is discrete by Theorem 4.18(1) of [9]. So, it remains
to show that TG is discrete if ω < |X | c. By Proposition 4.17(c) of [9] the discreteness of TG will follows as soon as we
construct a ﬁnitely generated group H containing continuum many subgroups Hα ⊂ H , α ∈ c, which are self-normalizing
in the sense that for an element h ∈ H , the equality hHαh−1 = Hα holds if and only if h ∈ Hα . Such a group H will be
constructed in the following lemma. 
Lemma 5.2. There is a ﬁnitely generated group H containing continuum many self-normalizing subgroups.
Proof. Consider the free group FZ with countably many generators, identiﬁed with integers. Then the shift ϕ : Z → Z,
ϕ : n 	→ n + 1, extends to an automorphism Φ : FZ → FZ of the free group FZ . Let H = FZ Φ Z be the semi-direct product
of the free group FZ and the additive group Z of integers. Elements of the group H are pairs (v,n) ∈ FZ ×Z and the group
operation is given by the formula
(v,n) · (u,m) = (v · Φn(u),n +m).
We shall identify FZ and Z with the subgroups FZ × {0} and {1} × Z, where 1 stands for the identity element of the
free group FZ . Observe that the group H is ﬁnitely-generated: it is generated by two elements, (1,1) and (z,0), where
z ∈ Z⊂ FZ is one of the generators of the free group FZ .
Following [26], we call subset A ⊂ Z thin if for each n ∈ Z \ {0} the intersection A ∩ (A + n) is ﬁnite. It is easy to check
that the family A of all inﬁnite thin subsets of Z has cardinality |A| = c. For each inﬁnite thin set A ∈A denote by F A the
(free) subgroup generated by the set A ⊂ Z in the free group FZ = FZ × {0} ⊂ H . It remains to prove that the subgroup F A
is self-normalizing in H .
Given any element h = (u,n) ∈ FZΦ Z= H with hF Ah−1 = F A , we need to prove that h ∈ F A . First we show that n = 0.
Assume for a contradiction that n = 0. Find a ﬁnite subset B ⊂ Z such that u ∈ F B and consider the set C = B ∪ (A + n).
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FC∩A = F A .
Taking into account that h−1 = (Φ−n(u−1),−n), we see that for each word w ∈ F A ⊂ FZ ⊂ H
hwh−1 = (u,n) · (w,0) · (Φ−n(u−1),−n)= (uΦn(w),n) · (Φ−n(u−1),−n)
= (uΦn(w)u−1,0) ∈ FC ∩ F A = F A∩C ,
which implies that F A = hF Ah−1 ⊂ F A∩C ⊂ F A and F A∩C = F A . This contradiction proves that n = 0 and hence the element
h = (u,0) can be identiﬁed with the element u ∈ FZ . Now it is easy to see that the equality hF Ah−1 = F A implies that
uF Au−1 = F A and hence h = u ∈ F A . 
By Theorem 5.1, for the symmetric group G = S(X) of an inﬁnite set X of cardinality |X |  c, the centralizer topology
TG is discrete and hence does not coincide with the topology Tp =MG = ZG = Z′G . For the group G = Sω(X) the situation
is totally different.
Theorem 5.3. For a set X of cardinality |X | 3 and a subgroup G ⊃ Sω(X) of the symmetric group S(X), the equality Tp = TG holds
if and only if G = Sω(X).
Proof. To prove the “only if” part, assume that G = Sω(X) and ﬁnd a permutation g ∈ G with inﬁnite support. Assuming
that Tp = TG , we conclude that the TG -open set cG(g) = { f ∈ G: f ◦ g = g ◦ f } is Tp-open. So, we can ﬁnd a ﬁnite subset
A ⊂ X such that GA ⊂ cG(g). Since the set supt(g) ⊂ X is inﬁnite, there are points x ∈ supt(g) \ A and y ∈ X \ (A∪{x, g(x)}).
Consider the transposition t = tx,y with supt(t) = {x, y} ⊂ X \ A and observe that t ◦ g = g ◦ t by Lemma 2.2. But this
contradicts the inclusion t ∈ GA ⊂ cG(g). So, Tp = TG .
To prove the “if” part, assume that G = Sω(X). In this case we shall show that TG = Tp . Denote by [X]3 the family of
all ﬁnite subsets A ⊂ X with |A| 3 and observe that the subgroups G(X\A), A ∈ [X]3, form a neighborhood basis of the
topology Tp at 1G , while the centralizers cG(G(A)) of the ﬁnite subgroups G(A) = {g ∈ G: supt(g) ⊂ A}, A ∈ [X]3, form
a neighborhood basis of the centralizer topology TG at 1G . The following lemma implies that these neighborhoods bases
coincide, so Tp = TG . 
Lemma 5.4. Let G = Sω(X) be the group of ﬁnitely supported permutations of a set X . Then G(X\A) = cG(G(A)) for each subset
A ⊂ X of cardinality |A| 3.
Proof. The inclusion G(X\A) ⊂ cG(G(A)) trivially follows from the fact that any two permutations with disjoint supports
commute. To prove the reverse inclusion, ﬁx any permutation f ∈ cG(G(A)). Assuming that f /∈ G(X\A), we can ﬁnd a point
a ∈ supt( f ) ∩ A. Since |A| 3, there is a point b ∈ A \ {a, f (a)}. Now consider the transposition t = ta,b ∈ Sω(X) = G with
supt(t) = {a,b} and observe that f and t do not commute according to Lemma 2.2. On the other hand, f should commute
with t as supt(t) ⊂ A and f ∈ cG(G(A)) ⊂ cG(t). 
Since the topologies ZG and TG are determined by the algebraic structure of a group G , Theorem 5.3 implies the follow-
ing algebraic fact (for which it would be interesting to ﬁnd an algebraic proof).
Corollary 5.5. For each set X , a subgroup G ⊃ Sω(X) of the group S(X) is isomorphic to Sω(X) if and only if G = Sω(X).
The permutation groups Sω(X) belong to the class of groups with ﬁnite double centralizers. We shall say that a group G
has ﬁnite double centralizers if for each ﬁnite subset F ⊂ G its double centralizer cG(cG(F )) is ﬁnite. This deﬁnition implies
that each group with ﬁnite double centralizers is locally ﬁnite.
Proposition 5.6. For each set X the permutation group G = Sω(X) has ﬁnite double centralizers.
Proof. This proposition is trivial if X is ﬁnite. So, we assume that X is inﬁnite. We need to show that for each ﬁnite subset
F ⊂ G its double centralizer cG(cG(F )) in G is ﬁnite. Choose any ﬁnite subset A ⊃ X of cardinality |A| 3, which contains
the (ﬁnite) support supt( f ) of each permutation f ∈ F . The subgroup G(A) = { f ∈ G: supt( f ) ⊂ A} is ﬁnite and contains
the ﬁnite subset F . By Lemma 5.4, G(X \ A) = cG(G(A)) ⊃ cG(F ). Since |X \ A| 3, we can apply Lemma 5.4 once more and
conclude that
G(A) = cG
(
G(X \ A))= cG
(
cG
(
G(A)
))⊃ cG
(
cG(F )
)
,
which implies that the double centralizer cG(cG(F )) of F is ﬁnite. 
We are interested in groups with ﬁnite double centralizers because of the following their property.
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Proof. If the centralizer topology TG is discrete, then the trivial subgroup {1G } of G is TG -open, which means that {1G } =
cG(F ) for some ﬁnite subset F ⊂ G . In this case the double centralizer cG(cG(F )) = cG(1G) = G is inﬁnite, which is a desired
contradiction. 
6. Hausdorff shift-invariant topologies on the groups Sω(X)
In this section we establish some common properties of Hausdorff shift-invariant topologies on permutation groups
G = Sω(X). By Proposition 4.1(2), each Hausdorff shift-invariant topology on G contains the restricted Zariski topology Z′′G .
Our main result concerning this topology is:
Theorem 6.1. Let X be a set of cardinality |X | 3 and G = Sω(X). Then for every n ∈ ω
(1) the subset Sn(X) = {g ∈ G: |supt(g)| n} is closed in (G,Z′′G);
(2) the subspace S=n(X) = {g ∈ G: |supt(g)| = n} of (G,Z′′G) is discrete.
Proof. By Lemma 2.3, the topology Z′′G on the group G satisﬁes the separation axiom T1. If the set X is ﬁnite, then the
topology Z′′G is discrete, being a T1-topology on the ﬁnite group G = Sω(X). So, we assume that X is inﬁnite.
Lemma 6.2. For every x ∈ X the set U = {g ∈ Sn(X): x ∈ supt(g)} is relatively Z′′G-open in Sn(X).
Proof. Fix any permutation g ∈ U . It follows that g(x) = x ∈ supt(g). Since X is inﬁnite and |supt(g)| n, we can choose a
subset A ⊂ X \ supt(g) of cardinality |A| = n+ 1. For each point a ∈ A consider the transposition tx,a with supt(tx,a) = {x,a}
and observe that tx,a ◦ g = g ◦ tx,a by Lemma 2.2. Then
O g =
⋂
a∈A
{
f ∈ G: f ◦ tx,a ◦ f −1 = tx,a
}
is a Z′′G -open neighborhood of g . We claim O g ∩ Sn(X) ⊂ U . This inclusion will follow as soon as for each permutation
f ∈ O g ∩ Sn(X) we show that x ∈ supt( f ). Assume conversely that x /∈ supt( f ). Since |supt( f )| n < |A|, there is a point
a ∈ A \ supt( f ). Then the support supt( f ) is disjoint with the support {x,a} of the transposition tx,a , which implies that f
commutes with tx,a . But this contradicts the choice of f ∈ O g . 
Now we can ﬁnish the proof of Theorem 6.1.
(1) To show that the subset Sn(X) is Z′′G -closed, ﬁx any permutation g ∈ Sω(X) \ Sn(X). We need to ﬁnd a neighbor-
hood O g ∈ Z′′G of g with O g ∩ Sn(X) = ∅. Consider the support A = supt(g), which is a ﬁnite set of cardinality |A| > n.
The inﬁnity of the set X allows us to chose an injective map α : A × {0, . . . ,n} → X \ A. Now for each point a ∈ A and
k ∈ {0,1, . . . ,n} consider the transposition t = ta,α(a,k) with supt(t) = {a,α(a,k)} and observe that g ◦ t = t ◦ g by Lemma 2.2.
So,
O g =
n⋂
i=0
⋂
a∈A
{
f ∈ G: f ◦ ta,α(a,k) ◦ f −1 = ta,α(a,k)
}
is a Z′′G -open neighborhood of g . We claim that O g ∩ Sn(X) = ∅. Assume for a contradiction that this intersection contains
some permutation f . Since |supt( f )| n < |supt(g)| = |A|, we can choose a point a ∈ A \ supt( f ) and then choose a number
k ∈ {0, . . . ,n} such that α(a,k) /∈ supt( f ). Now consider the transposition t = ta,α(a,k) and observe that t commutes with f
as supt(t) = {a,α(a,k)} is disjoint with supt( f ). But this contradicts the choice of f ∈ O g .
(2) To show that the subspace S=n(X) of the T1-space (G,Z′′G) is discrete, ﬁx any permutation g ∈ S=n(X) with ﬁnite
support A = supt(g) of cardinality |A| = n. Lemma 6.2 implies that the set
U = { f ∈ S=n(X): A ⊂ supt( f )
}= { f ∈ S=n(A): supt(g) = supt( f )
}⊂ G(A)
is relatively Z′′G -open in S=n(X) and is ﬁnite, being a subset of the ﬁnite subgroup G(A). So, g has ﬁnite neighborhood U ⊂
G(A) in S=n(X) and hence g is an isolated point of the space S=n(X), which means that the space S=n(X) is discrete. 
Let us remind that a topological space (X, τ ) is called σ -discrete if X can be written as a countable union X =⋃n∈ω Xn
of discrete subspaces of X . According to this deﬁnition, each countable topological space is σ -discrete. Since Sω(X) =⋃
n∈ω S=n(X), Theorem 6.1(2) and Proposition 4.1(1) imply:
Corollary 6.3. For any set X , the group G = Sω(X) is σ -discrete in the restricted Zariski topology Z′′G , and consequently G is σ -discrete
in each Hausdorff shift-invariant topology on G.
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7. The topologies Tα and Tβ on the symmetric group S(X)
It is well known that each inﬁnite discrete topological space X has two natural compactiﬁcations: the Aleksandrov (one-
point) compactiﬁcation αX = X ∪ {∞} and the Stone–Cˇech compactiﬁcation βX . The compactiﬁcations αX and βX are the
smallest and the largest compactiﬁcations of X , respectively (see [15, §3.5]).
Each permutation f : X → X uniquely extends to homeomorphisms fα : αX → αX and fβ : βX → βX . Conversely, each
homeomorphism f of the compactiﬁcation αX or βX determines a permutation f |X of the set X . So, the symmetric
group S(X) of X is algebraically isomorphic to the homeomorphism groups H(αX) and H(βX) of the compactiﬁcations αX
and βX .
It is well known that for each compact Hausdorff space K its homeomorphism group H(K ) endowed with the compact-
open topology is a topological group. If the compact space K is zero-dimensional, then the compact-open topology on H(K )
is generated by the base consisting of the sets
N( f ,U) =
⋂
U∈U
{
g ∈H(K ): g(U ) = f (U )}
where f ∈H(K ) and U runs over ﬁnite disjoint open covers of K .
The identiﬁcation of S(X) with the homeomorphism groups H(αX) and H(βX) yields two Hausdorff group topologies
on S(X) denoted by Tα and Tβ , respectively.
Taking into account that each disjoint open cover of the Aleksandrov compactiﬁcation αX can be reﬁned by a cover
{αX \ F } ∪ {{x}: x ∈ F } for some ﬁnite subset F ⊂ X , we see that the topology Tα on S(X) = H(αX) coincides with the
topology of pointwise convergence Tp . The topology Tβ on the symmetric group S(X) = H(βX) is strictly stronger than
Tp = Tα . Its neighborhood base at the neutral element 1 of S(X) consists of the sets N(1,U) =⋂U∈U { f ∈ S(X): f (U ) = U },
where U runs over all ﬁnite disjoint covers of X .
Theorem 7.1. The normal subgroup Sω(X) is closed and nowhere dense in the topological group (S(X),Tβ).
Proof. Given any permutation f ∈ S(X) \ Sω(X) with inﬁnite support supt( f ), we can ﬁnd an inﬁnite subset U ⊂ X
such that f (U ) ∩ U = ∅. This set determines the cover U = {U , X \ U } and the Tβ -open neighborhood N( f ,U) =
{g ∈ S(X): g(U ) = f (U )} of f which is disjoint with the subgroup Sω(X) because each permutation g ∈ N( f ,U) has
inﬁnite support supt(g) ⊃ U . So, the subgroup Sω(X) is closed in (S(X),Tβ).
To see that Sω(X) is nowhere dense in (S(X),Tβ), choose any ﬁnite cover U of X and consider the basic neighborhood
N(1,U) =⋂U∈U { f ∈ S(X): f (U ) = U } ∈ Tβ of the identity element 1. Since X is inﬁnite, some set U ∈ U is also inﬁnite.
Then we can choose a permutation f : X → X with inﬁnite support supt( f ) = U . This permutation belongs to the neighbor-
hood N(1,U) and witnesses that the closed subgroup Sω(X) is nowhere dense in the topological group (S(X),Tβ). 
Remark 7.2. Theorem 7.1 implies that the quotient group S(X)/Sω(X) admits a non-discrete Hausdorff group topology.
This answers negatively Question 5.27 posed in [9]. Observe that the quotient group S(X)/Sω(X) of the topological group
(S(X),Tβ) =H(βX) can be naturally embedded in the homeomorphism group H(βX \ X) of the remainder βX \ X of the
Stone–Cˇech compactiﬁcation of X . The question if the groups S(Z)/Sω(Z) and H(βZ\Z) are equal is non-trivial and cannot
be resolved in ZFC; see [37].
Remark 7.3. Since for an inﬁnite set X the topology Tβ on the symmetric group S(X) is strictly stronger than the topol-
ogy Tα = Tp , the homeomorphism group H(βX) = (S(X),Tβ) is not minimal, in contrast to the homeomorphism group
H(αX) = (S(X),Tp) which is minimal according to [17]. This resembles the situation with the homeomorphism groups
H(In) and H(μn) of the cubes In = [0,1]n and the Menger cubes μn of ﬁnite dimension n. By a result of Gamarnik [16],
the homeomorphism group H(In) is minimal if and only if n 1. By a recent result of van Mill [29], the homeomorphism
group H(μn) is minimal if and only if n = 0. Let us observe that the zero-dimensional Menger cube μ0 is the standard
ternary Cantor set, homeomorphic to the Cantor cube {0,1}ω . The minimality of the homeomorphism group H({0,1}ω) was
proved by Gamarnik [16]. The problem of minimality of the homeomorphism group H([0,1]ω) of the Hilbert cube [0,1]ω
is still open (cf. [1, VI.8], [6, 3.3.3(b)], [36]).
8. Some open problems
It is known [21,23,32] that for a countable set X the topology of pointwise convergence Tp = Tα on the permutation
group S(X) is a unique ω-bounded Hausdorff group topology on S(X). Let us recall [18] that a topological group G is ω-
bounded if for each non-empty open set U ⊂ G there is a countable subset F ⊂ G with F · U = G . So, the topology Tp = Tα
is simultaneously minimal and maximal in the class of ω-bounded groups topologies on S(Z).
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topology on the quotient group S(Z)/Sω(Z) of the topological group (S(Z),Tβ) minimal? Is it a unique non-discrete Haus-
dorff group topology on S(Z)/Sω(Z)?
Theorem 5.3 motivates the following problem.
Problem 8.2. Find a characterization of groups G such that Z′G = ZG =MG = TG .
By Proposition 5.7, for each inﬁnite group G with ﬁnite double centralizers the centralizer topology TG is not discrete.
By Proposition 5.6 and Theorem 5.3, for each inﬁnite set X the permutation group G = Sω(X) has ﬁnite double centralizers
and satisﬁes the equality MG = TG . This motivates the following problem.
Problem 8.3. Is MG = TG for each (countable) group G with trivial center and ﬁnite double centralizers?
By the classical result of Markov [27], a countable group G admits a non-discrete Hausdorff group topology if and only
if its Zariski topology ZG is not discrete. So, for the non-topologizable groups constructed in [30,24] the Zariski topology ZG
is discrete. On the other hand, by [38,39], each inﬁnite group G admits a non-discrete Hausdorff topology turning it into a
quasi-topological group, which implies that the restricted Zariski topology Z′′G never is discrete.
Problem 8.4. Is the restricted Zariski topology Z′G discrete for some inﬁnite group G?
An aﬃrmative answer to this problem implies a negative answer to the following related problem.
Problem 8.5. Does each (countable) group G admit a non-discrete Hausdorff topology turning G into a [quasi]-topological
group? A [semi]-topological group?
Acknowledgements
The authors express their sincere thanks to Dmitri Shakhmatov, Dikran Dikranjan and the anonymous referee for careful
reading of the manuscript and numerous remarks and suggestions, which substantially changed the content of the paper,
improved its readability and enriched the list of references.
References
[1] A.V. Arkhangel’skii, Topological homogeneity. Topological groups and their continuous images, Uspekhi Mat. Nauk 42 (2) (1987) 69–105.
[2] T. Banakh, I. Guran, Perfectly supportable semigroups are σ -discrete in each Hausdorff shift-invariant topology, preprint, http://arxiv.org/abs/1112.5727.
[3] T. Banakh, I. Protasov, Zariski topologies on groups, preprint, http://arxiv.org/abs/1001.0601.
[4] T. Banakh, I. Protasov, O. Sipacheva, Topologization of sets endowed with an action of a monoid, preprint, http://arxiv.org/abs/1112.5729.
[5] R. Bryant, The verbal topology of a group, J. Algebra 48 (2) (1977) 340–346.
[6] W.W. Comfort, H.H. Hofmann, D. Remus, Topological groups and semigroups, in: Recent Progress in General Topology, Prague, 1991, North-Holland,
Amsterdam, 1992, pp. 57–144.
[7] S. Dierolf, U. Schwanengel, Un exemple d’un groupe topologique Q -minimal mais non précompact, Bull. Sci. Math. (2) 101 (3) (1977) 265–269.
[8] D. Dikranjan, Introduction to Topological Groups, in preparation, http://users.dimi.uniud.it/~dikran.dikranjan/ITG.pdf.
[9] D. Dikranjan, A. Giordano Bruno, Arnautov’s problems on semitopological isomorphisms, Appl. Gen. Topol. 10 (1) (2009) 85–119.
[10] D. Dikranjan, I. Prodanov, L. Stoyanov, Topological Groups. Characters, Dualities and Minimal Group Topologies, Marcel Dekker, Inc., New York, 1990.
[11] D. Dikranjan, D. Shakhmatov, Selected topics from the structure theory of topological groups, in: E. Pearl (Ed.), Open Problems in Topology, II, Elsevier,
2007, pp. 389–406.
[12] D. Dikranjan, D. Shakhmatov, Reﬂection principle characterizing groups in which unconditionally closed sets are algebraic, J. Group Theory 11 (2008)
421–442.
[13] D. Dikranjan, D. Shakhmatov, The Markov–Zariski topology of an abelian group, J. Algebra 324 (6) (2010) 1125–1158.
[14] D. Dikranjan, D. Toller, Markov’s problems through the looking glass of Zariski and Markov topologies, in: Ischia Group Theory 2010, Proc. of the
Conference, World Scientiﬁc Publ., Singapore, 2012, pp. 87–130.
[15] R. Engelking, General Topology, Heldermann Verlag, Berlin, 1989.
[16] D. Gamarnik, Minimality of the group Autohomeom(C), Serdica 17 (4) (1991) 197–201.
[17] E. Gaughan, Group structures of inﬁnite symmetric groups, Proc. Natl. Acad. Sci. USA 58 (1967) 907–910.
[18] I. Guran, Topological groups similar to Lindelöf groups, Dokl. Akad. Nauk SSSR 256 (6) (1981) 1305–1307.
[19] I. Guran, O. Gutik, O. Ravsky, I. Chuchman, On symmetric topological semigroups and groups, Visnyk Lviv Univ. Ser. Mech. Math. 74 (2011) 61–73
(in Ukrainian).
[20] G. Hesse, Zur Topologisierbarkeit von Gruppen, PhD thesis, Univ. Hannover, Hannover, 1979.
[21] R. Kallman, Uniqueness results for homeomorphism groups, Trans. Amer. Math. Soc. 295 (1) (1986) 389–396.
[22] I. Kaplansky, An Introduction to Differential Algebra, Hermann, Paris, 1976.
[23] A. Kechris, C. Rosendal, Turbulence, amalgamation, and generic automorphisms of homogeneous structures, Proc. Lond. Math. Soc. (3) 94 (2007) 302–
350.
[24] A. Klyachko, A. Troﬁmov, The number of non-solutions of an equation in a group, J. Group Theory 8 (6) (2005) 747–754.
[25] G. Lukács, Report on the open problems session, Topology Appl. 159 (9) (2012) 2476–2482.
2268 T. Banakh et al. / Topology and its Applications 159 (2012) 2258–2268[26] Ie. Lutsenko, I.V. Protasov, Sparse, thin and other subsets of groups, Internat. J. Algebra Comput. 19 (4) (2009) 491–510.
[27] A.A. Markov, On unconditionally closed sets, Mat. Sb. 18 (1) (1946) 3–28.
[28] D. Mauldin (Ed.), The Scottish Book. Mathematics from the Scottish Café, Birkhäuser, Boston, MA, 1981.
[29] J. van Mill, Homeomorphism groups of homogeneous compacta need not be minimal, Topology Appl. 159 (9) (2012) 2506–2509.
[30] A. Ol’shanskii, A remark on a countable nontopologized group, Vestn. Moscow Univ. Ser. I Mat. Mekh. 3 (1980) 103 (in Russian).
[31] D. Robinson, A Course in the Theory of Groups, Springer-Verlag, New York, 1996.
[32] C. Rosendal, S. Solecki, Automatic continuity of homomorphisms and ﬁxed points on metric compacta, Israel J. Math. 162 (2007) 349–371.
[33] O. Sipacheva, Unconditionally τ -closed and τ -algebraic sets in groups, Topology Appl. 155 (4) (2008) 335–341.
[34] A. Taimanov, Topologizable groups. II, Sibirsk. Mat. Zh. 19 (5) (1978) 1201–1203 (in Russian).
[35] S. Ulam, A Collection of Mathematical Problems, Intersci. Publ., New York, 1960.
[36] V.V. Uspenskij, On subgroups of minimal topological groups, Topology Appl. 155 (14) (2008) 1580–1606.
[37] B. Velickovic, OCA and automorphisms of P(ω)/ﬁn, Topology Appl. 49 (1) (1993) 1–13.
[38] E. Zelenyuk, On topologies on groups with continuous shifts and inversion, Visnyk Kyiv. Univ. Ser. Fiz.-Mat. Nauki 2 (2000) 252–256.
[39] Y. Zelenyuk, On topologizing groups, J. Group Theory 10 (2) (2007) 235–244.
